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Abstract 
 
Several process adjustment techniques are discussed in 
this paper. It is shown that they can be unified by a 
Bayesian formulation (Kalman Filter). Small-sample 
performance comparisons between these methods and 
discrete integral (also called EWMA) feedback control 
are provided. In conjunction with some commonly 
used control charts, these adjustment techniques are 
then applied on a manufacturing process where the 
process mean is subject to infrequent random shocks. 
The integrated SPC/EPC control schemes exhibit 
superior properties than using a single adjustment only. 
 
 
Introduction 
 
Process adjustment techniques based on the feedback 
principle have become an important resource in the 
toolkit used by Quality Engineers (see, e.g., Box and 
Luceño, 1997, Sachs et al., 1995). A variety of 
techniques for process adjustment have been proposed 
and studied, due to the recent interest in integration of 
Statistical Process Control (SPC) and Engineering 
process Control (EPC) methods (see, e.g., Box and 
Kramer 1992, MacGregor 1990, Tucker et al., 1993). 
In this paper, some seemingly unrelated adjustment 
techniques are analyzed within a unified framework 
based on a Bayesian point of view. The analysis of 
these techniques will be based on studying their small-
sample performance, i.e., considering the performance 
of adjustment policies for a small number of 
observations. 
 
We  apply these process adjustment techniques to a 
classical quality control problem – shifts in the mean 
value of the quality characteristic of a process . In 
traditional SPC, it is frequently assumed that an 
initially in-control process is subject to random shocks, 
which may shift the process mean to an off-target 
value. Different types of control charts are then 
employed to detect such shifts in mean, since the time 
of the shift is not predictable. However, SPC 
techniques do not provide an explicit process 
adjustment method. The lack of adjustments that exists 

in the SPC applications may cause a large quality off-
target cost – a problem of particular concern in a short-
run manufacturing process. Therefore, it is important to 
explore some on-line adjustment methods that are able 
to keep the process quality characteristic on target with 
relatively little effort.  
 
1. Unifying view of some process 
adjustment methods 
 
The machine tool setup adjustment problem has been 
discussed by Grubbs (1954, 1983). Suppose there is a 
random setup error on the machine which can be 
observed from the quality characteristic of the process 
output, but cannot be measured directly due to the 
noise from the process and measurement. However, it 
is assumed that by varying an input parameter, the 
error can be eliminated or compensated for. The 
problem is how to tune the input parameter in face of 
the uncertainty of the setup error.  
 
The process can be formulated as follows: 

 ttt vUdY ++= −1   (1) 

where Yt corresponds to the deviations from target of 
some quality characteristic of parts produced at discrete 
point in time, Ut-1 is the level of some controllable 
factor which has direct impact on subsequent process 
measurements, d is the setup error and vt~(0, σv

2) 
represents the randomness from both process and 
measurements. The simple adjustment rule proposed by 
Grubbs is given by  

 tttt Y
t

UUU
1

11 =−=∇ ++  (2) 

where {1/t} is a harmonic sequence. This solution is 
proved to be optimal in the sense that it minimizes the 
variance of process mean at time t+1. In the following, 
we will provide a Bayesian formulation to the setup 
adjustment problem based on a Kalman Filter estimator 
(for the Bayesian interpretation of a Kalman Filter, see 
Meinhold and Singpurwalla, 1983).  
 
Define dt to be a state variable, where d0 is the setup 
error d, then equation (1) can be expressed by a state 
equation and an observation equation as follows: 

 1−= tt dd   (3) 

 ttttt vdUYz +=−= −1   (4) 

Given this simple state-space formulation, a Kalman 
Filter estimator of d can be constructed, which is given 
by  
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where P0 is the variance of the prior distribution of d, 
i.e., d ~ (d0 , P0), by the Bayesian interpretation.  If the 
adjustments are made according to the simple rule: 

 tt dU ˆ−=  ,  (7) 

then  

 tttt YKdd += −1
ˆˆ  .  (8) 

Equations (6) and (8) provide four general cases of 
interest: 
 
1) Grubbs harmonic rule and Robbins and Monro 
stochastic approximation. If P0→∞, which implies 
lack of any a priori information on the error or offset d, 
Grubbs' “harmonic rule” is obtained, since, under these 
conditions the Kalman weights Kt →1/t. The estimate 
of the offset at each observation is given by: 

 ttt Y
t

dd
1ˆˆ

1 += −   (9) 

Interestingly, equation (9) allows noticing that Grubbs 
harmonic rule is equivalent to Robbins and Monro 
(1951) stochastic approximation method applied to the 
estimation of the offset d. While Grubbs obtained (9) 
by solving a minimization problem, Robbins and 
Monro's procedure was obtained by investigating the 
conditions under which (using our notation) the 

sequence Kt makes lim t→∞ E[d-
td̂ ]2=0 (that is, the 

mean square convergence of  
td̂  to d). A wealth of 

asymptotic results have been reported with respect to 
Robbins and Monro procedure and its modifications. 
Our quality control application requires a study of the 
finite sample properties of these methods. Such a study 
is reported later in the paper. 
 
2) Grubbs extended rule. The Kalman Filter offset 
estimate (8) is equivalent to Grubbs “extended rule”. 
The value of P0 can be thought of as what Grubbs 
called σd

2, the “variance of the setup”, which is 
obtained by using the frequency method while 
considering a group of machine setups. In a Bayesian 
context, the meaning of P0 is a subjective measure of 
confidence in the prior estimate 

0d̂ . 

 
3) Recursive least squares. If σv

2=1 is fixed in (5), the 
so-called recursive least squares (RLS, Young, 1984, 
Ljung and Soderstrom, 1987) estimate of the offset d is 
obtained: 

 ttt Y
tP

dd
+

+= −
0

1 /1

1ˆˆ  .  (10) 

It is of interest to study the performance of such an 
adjustment scheme given that recursive least square 
estimates are reputed to converge faster than those 
obtained using stochastic approximation methods. 
 
4) Unreliable measurements. If σv

2→∞, i.e., if the 
measurements are completely unreliable, this implies 

that Kt→0 and 
td̂ =

1
ˆ

−td = … =
0d̂ , with 

0d̂  being the 

prior estimate of the offset. Evidently, if we had 
0d̂ =d 

then setting Ut=-
0d̂ (implying only one adjustment) 

would be optimal. Unfortunately, if the prior estimate 

0d̂  is far from d, and σv
2 tends to infinity, the prior 

estimate cannot be improved based on new 
measurements. 
 
It is also of interest to consider the case when  Kt =λ, in 
which case a discrete integral controller (Box and 
Luceno, 1997), also called an EWMA controller (Sachs 
et al., 1995, Del Castillo and Hurwitz, 1997) is 
obtained: 

 ttt Ydd λ+= −1
ˆˆ   (11) 

and ttt YUU λ−= −1  so the integration constant is 

the EWMA weight λ. This controller has some 
advantages of compensating against sudden shifts that 
can occur at any point in time besides of the initial 
offset d. A disadvantage is that it is not clear what 
value of λ to use. Because of this, some attempts have 
been made at developing adaptive techniques that 
modify λ as the control session evolves (Patel and 
Jenkins, 2000). In particular, Guo et al. (2000) 
proposed to apply a “time varying” EWMA controller 
such that it minimizes the mean square deviation of the 
quality characteristic after a sudden shift occurs. Not 
surprisingly, the optimal weights obey, once again, 
Grubbs' harmonic rule.  
 
2. Small-sample performance 
 
It was shown in the previous section that Grubbs 
harmonic rule and the Stochastic Approximation of a 
constant offset are equivalent. This leads to the 
application of many available stochastic approximation 
results to the machine setup problem. However, 
although many asymptotic results exist for stochastic 
approximation schemes, the emphasis of this section is 
the performance based on small samples.  
 
The performance index we considered herein is the 
scaled Average Integrated Square Deviation (AISD) 
over a single potential “production run”, or expected 
realization, of length m. This is defined as: 
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It is important to point out that Grubb’s extended and 
harmonic rules, which are optimal for minimizing the 
variance of the last setup error estimate, are not 
necessarily optimal for the AISD(m) criterion. The 
AISD formulae provide a measure of the quadratic cost 
incurred by a whole process after a shift in process 
mean occurs at any point in time.  
 
When the Kalman Filter scheme (6) and (8) are applied 
to the process (1), it results in  
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where vddA σ/)ˆ( 0−=  and  2
0 / vPB σ= . Note 

that as time passes, E[Yt] tends to zero and Var(Yt) 
tends to the limiting value of σv

2. Clearly the scaled 
AISD(m) performance index captures the transient 
behavior of both E[Yt] and Var(Yt) along one potential 
time realization of the process of finite duration. To get 
the corresponding expressions for Grubbs’ rule, one 
can let B→∞ in (13) and (14).  
 
For a discrete integral controller, it can be shown that 
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The scaled AISD(m) expressions of integral controller 
allow to study the trade-offs between the sum of 
variances and the sum of squared expected deviations 
(squared bias). 
 
Table (1) contrasts the scaled AISD performance of 
Grubbs’ harmonic rule, the discrete integral controller 
and the Kalman Filter adjusting scheme (σv

2 is assumed 
known). The table shows the values of AISD(m)/ σv

2 
for m=5, 10 and 20.  
 
From the table, it can be seen that Grubbs' harmonic 
rule dominates (or at least equals) the Kalman filter 
rule for almost all cases, except in the unrealistic case 
where one is very confident of the a priori offset 
estimate and this estimate turns out to be quite 
accurate. Even when the a priori offset estimate is 

perfect, it might be necessary to adjust, because from 
the Bayesian point of view we may not be sure about 
our offset estimate, and this uncertainty in our prior 
belief is modeled by the B=P0/σv

2 variable. Otherwise, 
a single calibration will be sufficient to bring the 
process right on the target.  
 
Intuitively, if the variance σv

2 is unknown the 
performance of the Kalman filter scheme can only 
worsen. This was confirmed by estimating AISD using 
simulation. 
 
Table 1. Comparison of small-sample performance of 
some adjustment rules. 

m=5 
B |A|=0 |A|=1 |A|=2 |A|=3 
1/90 1.000 1.958 4.831 9.619 
1/2 1.093 1.487 2.666 4.631 
1  1.164 1.457 2.335 3.798 
Grubbs 1.417 1.617 2.217 3.217 
I controller (λ=0.1) 1.017 1.702 3.759 7.187 
I controller (λ=0.2) 1.056 1.552 3.040 5.519 
I controller (λ=0.3) 1.109 1.490 2.634 4.539 

m=10 
B |A|=0 |A|=1 |A|=2 |A|=3 
1/90 1.000 1.910 4.639 9.186 
1/2 1.090 1.314 1.983 3.099 
1  1.138 1.293 1.758 2.533 
Grubbs 1.283 1.383 1.683 2.183 
I controller (λ=0.1) 1.028 1.491 2.878 5.189 
I controller (λ=0.2) 1.081 1.355 2.180 3.552 
I controller (λ=0.3) 1.142 1.338 1.926 2.905 

m=20 
B |A|=0 |A|=1 |A|=2 |A|=3 
1/90 1.001 1.827 4.307 8.439 
½ 1.072 1.192 1.551 2.150 
1  1.100 1.180 1.419 1.818 
Grubbs 1.177 1.227 1.377 1.627 
I controller (λ=0.1) 1.039 1.298 2.076 3.372 
I controller (λ=0.2) 1.096 1.235 1.651 2.346 
I controller (λ=0.3) 1.159 1.257 1.551 2.042 

 
If A=0, it can be seen from (12),  (13), and (14) that the 
AISD indices equal to the average scaled variance 
since the deviations from target will always be zero on 
average. In this case, the AISD quantifies the average 
inflation in variance we will observe for adjusting a 
process when there was no need to do so.  
 
Turning to the discrete integral controller, it can be 
seen that it also provides a very competitive scheme 
compared to the Kalman filter scheme. The large 
parameter λ has the effect of bringing the process back 
to target more rapidly, but it also causes severe 
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inflation in variance when adjusting a near target 
process. It seems the value λ=0.2 provides a relatively 
good trade-off between fast return to target and 
inflation of variance if the process was close to target. 
 
3. Integrating process adjustments with 
SPC 
 
The process adjustment rule discussed in previous 
sections can be easily applied on one classical quality 
control problem, that is, the problem of shifts in 
process mean. Let Yt be the measurement of a quality 
characteristic of a manufacturing process, which is 
subjected to random shocks. The shock may move the 
mean value (µt) of Yt to an out-of-control level.  
However, the shift can be removed by adjusting a 
control parameter Ut. Therefore the process can be 
modeled by  

 )(1 ttt δµµ += −   (17) 

 tttt UY νµ ++= −1   (18) 

where δ=0 if no shift occurs and δ~N(µs, σs
2) if a shift 

occurs. One can see that this model is same as the setup 
adjustment model (1) except that the setup error d is 
replaced by the process mean error δ. Therefore the 
adjustment rule presented in previous sections can be 
applied as long as the shift has been detected.   
 

 
Figure 1. Step-type disturbance on the process mean.  
 
In recent work (see, e.g, Chen and Elsayed, 2000, 
Crowder and Eshleman 2001, Yashchin 1995), there is 
considerable emphasis on estimating a time-varying 
process mean instead of adjusting for such variability. 
Because the true process mean is not observable 
directly, adjustments based only on one estimate are 
almost always biased. The performance of Grubbs’ 
harmonic adjustment rule combining with several 
commonly used control charts will be evaluated in this 
section. In order to simplify the set-up of the control 
chart, the process variance is assumed known in 
advance. 
 
The proposed integrated process monitoring and 
adjustment scheme consists of three steps: monitor the 
process using a control chart, estimate the shift size 

when a shift in the process mean is detected, and 
finally apply the sequential adjustment procedure to 
bring the process mean back to target. To compare the 
performance of various combinations of control charts 
and adjustment methods, we first simulate a 
manufacturing process (18) for a total of 50 
observations, and monitor and adjust it using one of the 
five methods listed in the following: 
 

1) Monitoring the process by using a Shewhart 
chart (3σ limits) for individuals for detection 
and perform one adjustment based on the last 
observation when an out-of-control alarm is 
signaled by the chart (Taguchi, 1985). 

2) Use a CUSUM chart (k=0.5 h=5) for 
individual observations and perform one 
adjustment based on a CUSUM estimate of 
the shift size (Montgomery, 2001, ch.8) when 
an out-of-control alarm is signaled by the 
chart.  

3) Use a Shewhart chart and perform five 
sequential adjustments according to Grubbs’ 
harmonic rule after an out-of-control signal. 

4) Use a CUSUM chart and perform five 
sequential adjustments according to Grubbs’ 
harmonic rule after an out-of-control signal. 

5) A discrete integral controller is always in 
action (no process monitoring scheme is 
utilized). 

 
To study a general shifting process, the mean shift in 
the following simulation is simulated according to a 
stochastic process in which shifts occur randomly in 
time according to a geometric distribution. 
Specifically, the occurrence of a shift at each run is a 
Bernoulli trial with probability p=0.05 and the shift 
size is normally distributed as N(µs, σv

2)=N(µs, 1). The 
simulations were repeated 10,000 times. The AISD of 
the controlled process is compared with that of an 
uncontrolled process, and the percentage of decrease in 
AISD is plotted with respected to a range of values of 
µs.   
 
From Figure 2, one can see that the sequential 
adjustment methods (Method 3 and 4) are superior to 
the one-step adjustment methods (Method 1 and 2) for 
almost all shift sizes. Using a CUSUM chart and 
sequential adjustments (Method 4) has significant 
advantage over other methods when the shift size is 
small or moderate, and using a Shewhart chart and 
sequential adjustments (Method 3) is better for large 
shifts. Moreover, one-step adjustment methods 
(Taguchi's method) may deteriorate a process when the 
shift size is very small. 
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Figure 2. Performance of five controlled processes 
when p=0.05. 
 
Evidently, the integral controller performs better than 
any other sequential method when the shift size is 
small. However, one main advantage of the proposed 
SPC/EPC integrated methods is that they detect process 
changes using common SPC charts whereas the 
integral controller alone does not have this SPC 
function, in other words, there is no possibility for 
process improvement through correction of assignable 
causes if only an integral controller is utilized. Process 
improvement through human intervention is facilitated 
by having a monitoring (SPC) mechanism that triggers 
the adjustment procedure and keeps a time-based 
record of alarms useful for process diagnostics. 
Moreover, since the integral controller conducts 
adjustments at every process run, it cannot be suitable 
for a process where the adjustment cost must be 
considered.   
 
Another drawback of the integral controller is that one 
has to decide what value of the control parameter λ to 
use. It is recommended that this parameter should be 
small in order to maintain the stability of the process 
(Sachs et al., 1995), but small parameter values may 
not be optimal from an AISD point of view, especially 
when the mean shift size is large. Furthermore, if the 
chance of shifts decreases, the inflation of variance 
which is caused by adjusting an on-target process will 
deteriorate the effectiveness of this scheme.  
 
In Figure 3, the probability of random shifts p was 
decreased to 0.01 and the same simulation as in Figure 
2 was conducted. Under these conditions, the EWMA 
method cannot compete well with the sequential 
adjustment methods combined with CUSUM or 
Shewhart chart monitoring. More simulation results for 
different probabilities of shifts p are listed in Table 2. It 
is found that the EWMA adjustment method is better 
for small shifts and Method 3 or 4 is better for large 

shifts when p is large; as p gets smaller (p<0.02), i.e., 
the process is subject to infrequent random shocks, 
Method 4 gets harder to beat. Therefore, the proposed 
SPC/EPC integrated methods work better when p is 
small, which is relevant in the microelectronics 
industry where process upsets occur very rarely. 
 

 
Figure 3. Performance of five controlled processes 
when p=0.01. 
 
Table 2. Performance of SPC/EPC integrated schemes 
and EWMA scheme when  varying the probability of a 
shift. 

Mean of shift size % improvement on  
AISD 0 1σ 2σ 3σ 4σ 

Method 3 6.65 
(0.26) 

24.31 
(0.37) 

47.76 
(0.40) 

62.41 
(0.39) 

68.85 
(0.38) 

Method 4 13.80 
(0.25) 

30.35 
(0.33) 

50.56 
(0.36) 

61.91 
(0.36) 

66.68 
(0.36) 

I controller 
(λ=0.1) 

18.31 
(0.25) 

32.18 
(0.32) 

48.68 
(0.34) 

56.01 
(0.34) 

59.58 
(0.34) 

I controller 
(λ=0.2) 

16.82 
(0.29) 

32.81 
(0.32) 

51.21 
(0.39) 

61.09 
(0.38) 

64.35 
(0.39) 

p 
= 
0.035 

I controller 
(λ=0.3) 

13.13 
(0.32) 

30.33 
(0.40) 

51.76 
(0.41) 

60.82 
(0.41) 

65.48 
(0.42) 

Method 3 1.48 
(0.24) 

11.85 
(0.32) 

28.86 
(0.39) 

41.60 
(0.43) 

48.34 
(0.45) 

Method 4 8.07 
(0.21) 

17.52 
(0.29) 

32.53 
(0.36) 

41.94 
(0.39) 

47.20 
(0.41) 

I controller 
(λ=0.1) 

10.37 
(0.22) 

18.86 
(0.29) 

30.68 
(0.35) 

38.05 
(0.38) 

41.06 
(0.39) 

I controller 
(λ=0.2) 

7.35 
(0.26) 

17.09 
(0.33) 

31.40 
(0.40) 

39.49 
(0.43) 

43.57 
(0.45) 

p 
= 
0.02 

I controller 
(λ=0.3) 

2.16 
(0.28) 

13.03 
(0.37) 

28.90 
(0.44) 

38.19 
(0.47) 

42.28 
(0.49) 

Method 3 -3.36 
(0.18) 

-1.02 
(0.21) 

3.64 
(0.28) 

9.02 
(0.34) 

12.57 
(0.37) 

Method 4 1.32 
(0.12) 

3.60 
(0.16) 

7.88 
(0.23) 

11.77 
(0.28) 

14.37 
(0.32) 

I controller 
(λ=0.1) 

-0.36 
(0.13) 

1.55 
(0.17) 

5.53 
(0.24) 

7.72 
(0.27) 

9.95 
(0.30) 

I controller 
(λ=0.2) 

-5.55 
(0.16) 

-2.91 
(0.21) 

1.42 
(0.27) 

4.89 
(0.32) 

7.19 
(0.35) 

p 
= 
0.005 

I controller 
(λ=0.3) 

-11.3 
(0.18) 

-8.47 
(0.23) 

-2.94 
(0.31) 

0.42 
(0.36) 

3.15 
(0.39) 
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4. Conclusion 
 
A unifying point of view of some seemingly unrelated 
adjustment procedures was presented based on a 
Kalman Filter approach. An important connection 
between Grubbs harmonic rule and stochastic 
approximation was made. The Kalman filter 
adjustment scheme allows easy generalization to the 
multivariate case. The performance indices for each of 
these cases consider precision and accuracy over all 
observations, as opposed to Grubbs' criterion which is 
based on looking only at the last of a series of 
observations.  
 
In conjunction with some commonly used process 
monitoring charts, the harmonic adjustment method 
was applied for controlling against shifts in the process 
mean. It is shown that sequential adjustments are 
superior to single adjustment strategies for almost all 
types of process shifts and magnitudes considered. A 
CUSUM chart used together with a simple sequential 
adjustment scheme can reduce the average squared 
deviations of a shifted process more than any other 
combined scheme we studied when the shift size is not 
very large.  
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